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ABSTRACT

The general conditional equations which govern the phase equilibria
in three-component systems are presented. Using the general conaditional
equations, a general method has been duveloped to eirecalculate the phaser equilibria in three-component systems from first principle using computer
technique. The method developed has been applied to several model examples
and the system Ta-Hf-C. The phase equilibria in three-component systems
calculated using the simplified method as originally developed by Rudy, agree
well with those calculated by the present method. The only difference is in
the homogeneous zange with respect to the interstitial component of solid solu-
tions which exhibit large variation with metal exchange. This is to be expected
in view of the assumptions made in the simplified method.

In connection with the phase diagram calculation and other problems of
the present Air Force contract, several computer programs have been develop-
ed which are included in the appendix of this report.
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I. INTRODUCTION AND SUMMARY

A. INTRODUCTION

Apart from theoretical interests the capab.lity of predicting

phase equilibria in three-component systems from binary data is of practical

significance since the cost of experimentally investigating phase equilibria

in ternary systenms is rather high. For the transition metal1 , metalz,carbon

ternary systems (i.e. the interstitial type of solid solutions), a method has

been developed by Rudy(1) to predict the phase equilibria in ternary systems

assuming that the intermediate phases in the metall-arbon and metal,-carbon

binaries are either of line-compounds or that both phases are of equal depend-

ence of the free energy on the concentration coordinate of the interstitial

component. In cases, where the horrn-geneous ranges of the solid solutions

with respect to the interstitial component changes drastically with metal

I~ i exchange, the simplified method does not predict, as to be expected from the

assumptions made, the exact phase boundaries. The purpose of the present

g work is to develop a general method using computer technique to predict the

phase equilibria in three-component systems with no assumptions made as in

"the simplified method. This general method will predict not only the phaseII
equilibria but also the correct homogeneous ranges of the single phases.

T B. SUMMARY

* The conditional equations which govern the phase equilibria in

three-component systems are presented. Using the conditional equations, a

method has been developed using computer technique to precalculate the phase

•l •.equilibria in three-component systems from first principle. The methlod

developed has been applied to model examples and the system Ta-Hf-C. The

phase equilibria in three-component systems calculated using the simnplificd

method originally developed by P.udy, agree rather well with those calculated

by the present method. The only difference ;s iii the homogeneous ranges of

solid solutions which exhibit large variation with metal exchange. This is tc.

be expected in view of the assumptions made in the simplified method.



Several computer programs for the phase equilibrium calcu-

lations a.ý well as for other problems of the present Air Force contract have

becn deve-loped. The fortran statemnents of ali the computer programs are

incituded in the appen~dix at the end of the report.

Ii. THERMODYNAMIC DESCRIPTION OF PHASE EQUILIBRIA IN

THR.EE COMPONENT SYSTEMS

According to the phase rule, at, constant pressure the maximum number

-f coexisting phase- in a one-component system is two, two-component system

three, and three-iomponent system., fo-Ar. In addition, i. one fixes tempera-

ture, the maximum number of coexisting phases in a ternary system reduces

to three. Consequently, an isothermal section of a ternary phase diagram is

built up of one-phase, two-phase, and three-phase equilibria. On the one hand,

concentrations of the coexisting phases in a two-phase field determine the

phase boundaries of siagle-phasc fields. On the other hand, the boundaries of

a three-phase equilibrium are the limiting tie-lines of the three adjacent two-

phase equilibria. We shall now discuss first the thermodynamics of two-phase

equilibria.

A. TWO-PHASE EQUILIBRIA IN THREE-COMPONENT SYSTEM

The Gibbs free energy of formation of a two-phase alloy,

A B C as shown in Figure 1 is a linear combination of the Gibbs free energies

of formation of the two coexisting phases Ax B y, G z and A XBy ,,*z,, Express-
ing in mathematical terms, we have

AG = vLAGI + vAG 2 (A)

where AG, AGI, and AG are the Gibbs free energies of formation of the two-

phase alloy and oi tVie two co-existing single phases; and v and v are the

relative amounts of the twc co0-xist_4Lg single phases. If we take one gramatom

of alloy as o',r basis, we have the following three bo idary conditions:



+. Y + (4)

Hoogneu Phs 2

4.~IL BY' C 1(4
sevto of mass

nn V IX(

I _ZY + y + (6)

I3
SI TwHdiinlbudr o mdto eneos Pca s e ob Indrsli rmtecn

S- servation of masses:

i L v y'+ v~y" (6)

1k 3l' z' 6



Given AG, and AG2 ;as a function of composition at constant P and T and a

set of x, y, z values, we would like to calculate the values of x', y', z' and

x" ,y", and z". Since there are eight unknowns: Y4 , v 2,x ,y', z t ,x", y", and z"

and five equation5 (2 to 6), we have only three independent variables. We can

choost: any three variables as we wish. In the present case, we shall choose

x'. y', and x", as our ultimate variables. By elimination of the various vari-

ables in equations (2) through (6), we obtain the following expressions for

Vi, v 2, z', y" and z" In terms of x', y' and x":

V x x-x, (7)

x -x
- x x (8)

x _x

z = l- x' - y (3a)

It - x + x " I (9)-r--,I -- ¶ X'

y" - -x x X' (9)

and

z 1 - x" - y" (4a)

In order to solve for x', y' and x", we need three additional equations which must

be derived from the condition that at equilibrium AG according to equation (1)

is a minimum. We can minimize AG, with the five constraints expressed by

equations (2) through (6), after the method of Lagrange as was originally done

by Rudy('). We obtain,

AG Cat -ax4 -aSy' 1 0 (10)

AO2-aG -a 4 X" -%Y 0 (11)

8AG 1

-a -a 4v1  = 0 (12)

V -- a -a5 ,, - 0 (13)

4
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BAG

[ 0~~3 ~ 4'2 =0(5

DAG
-V c .- 0 16)

Sa G--a 0 (17)

From equations (12), (13), (15), and (16); (12), (14), (15), and (17); and (12),

(14), (15), and (17), we obtain the following additional equations:

and B[AG 1 .L raG FaAGI GAG

[ -G- G L-• x-'- -• L- --a-- I -y ") T -,- - 20
L-- T,p Y Tp

ii From equations (18), (19), and (20), we can in principle solve for x", x', andy'. However, since the equations for AG1 and A G2 are non-linear with respect

to the three independent variables x", x', and y', the solving of the three

S,. simultaneous equations is not very simple. Instead, it is more convenient tonumerically find the minimum value of AG according to equation (1) by varying

the values o-b x, x', and y, from 0.0 to 1.0. We can take any small incremental

value as we Aish. In general, for phase diagram calculations, we have found

a value of 0. 01 is sufficient.

Since x' + y' _I, •e need only to consider the valueý uf 's, P

and x" in the prism as shown in Figure 2 for the computation of AG. Moreover

/I



1.0

x >x 1.0 y

x 1

Figure 2. Schematic Representation of the Three Independent
Variables x', y' and x" for Two-Phase Equilibria
in a Ternary System when x" > x.

the values of x always lie between those of x' and x". For each value of x"

greater than x, we compute AG for all values of x' smaller than x, i.e. the

shaded trapezoidal region (in Figure 2) and for each value of x' smaller than

x, we do the similar computations for all values of x' greater than x, i.e. the

shaded trapezoidal region in Figure 3.

Since v1, 0V and y" are all pobitive, rearranging equation (6),

we have

6
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L

Figure 3. Scher.-iatic Representation of the Three Independent
VariLt~.les x', yin. and x" for Two-Phase Equilibria

I:

in a Terrnary System when x" < x

LI

= - ... ~1 5 = X1_ X11

[

jj Equation (21) gives an upper limit of y'.

The number of computations for searching the rrkinirn-urn of

1A. s~G according to equation (1) can be further reduced when we use the additional

information provided by the binary phase boundaries.

Before proceeding further, we must have some mathematical

L expressions for and C; As shown previously,eh 3 ) the free energy of a

L7
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single phase of the interstitial type of solid solutions such as the ternary

-a" be adequately represented by the follow&ing expression,

AG, (in cali/gatonm alloy) m x'AGAc + y'G + ' 'n + y'n
U U

where x',y' and z' are atom fractions of A, B, and C in phase 1, a' is the

interaction parameter for the solid solution (A, B)CuO R is the universal gas

constant, T is the absolute temperature, and AGAG and AGBC are the GibbsA U B.

free energies of formation of the two respective binary phas'rs in cal/gatom A

or B. We have a similar expression for AG, which is a function of x", y" and z".

Often we have the cases where the solubility of the third com-

ponent, let's say C, in the solution (A,B)Cu is so small that for practical pur-

poses, we can take u as zero. For such cases, z' = 0, we reduce the three

independent variables x', y' and x" to only x' and x". Therefore, the search

for a minimum for AG according to equation (1) reduces from a three-dimensional

to a two-dimensional problem.

Model Example I:

Let us now take a hypothetical case where A and B form a series

of continuous solid solution3 at high temperature; A and C and B and C fori'I

two intermediate phases AC., AGw and BCv, BCw, respectively as shown in

Figures 4 and 5. Moreover, the solubility of C in the solid solution (A,B) isIassumed to be small; and (A, BICv and (A, B)Cw form two series of continuous

solid solutions. The horaogeneo.us range with respect to component C is narrow

in the solid solution (A.B)Cw solid solution. We would like now to compare the

tie-line distributions in the two-phase regions (AB)-(A,B)Cv and (A, B)-(A, B)Cw

calculated at 2000'K using the method described here with those calculated by

the simplified method").

The Gibbs free energies of the four binary intermediate phases:"

ACv, BCV, AC ,, and BCw may be represented by the following equations (see

Figures 4 and 5).

8
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3000

2000 -

1000

0

o 1000

-2000 -

-3000

. -4000

S-5 000

1 -6000

A 0.2 0.4 0.6 0.8 C

ATOMIC FRACTION OF C

Figure 4. Gibbs Free Energies of the Two Intermediate Phases
ACv and ACw in the ainary A-C.

_ 2

AGA 1 (23, 000-240, 000 z + 600. 000 z (Z (3)

AGBC r- 35, 710-418, 882 z + 1, 102, 162 z (24)
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t -0 - -

I Bl I

16000 -

i0

-1000

k -2O00

PD -3000_•o _

S=- 6 0 0 0 -

-7000-

I I I I I i I I I
B 0.2 0.4 o.6 0.8 j

ATOMIC FRACTION OF C

Figure 5. Gibbs Free Energies of the Two Intermediate Phases
13BCv and BCw in the Binary A-C.

iV

ia
AG AT z 065-504,-Z0 z + 504. 220 z 2} (25)

AG • z• (15, 335-83,555 z + 89,780 zz (26)BCW

The Gibbs free energies of the ternary solutions (AB)Cv and (A. B)Cw may
take the same form as equation (22). The interaction parameters for the
three solid solutions are taken to be,

10i



~A. B 597

"(A.B)Cv 3980

'(A, B)C = 98

ww

F"

LiWe shall first consider the two-phase quilibria between the

solid solutions (AB) and (A. B)Cv. Sinr. we assume that the intermediate

phases AC and BC are not stable in the binary systems, the phase AC

then becomes stable. Accordingly, we have

AGI = 5970 x'y' + RT (x' In x' + y' in y') (27)

x'AG y'AG3980 x"Y" +
AG 2 = X"GAC + y"AGBC + I +|v v

I + RT [x"In _-, + y"ln (28)

One can see from Figures 6 and 7 that the tie-line distribution between the

solid solutions (A, B) and (A B)GV calculated using the method described here

agrees well with that calculated using the simplified method. This is to be

I expected since the range of homogeneity with respect to component C in (A,B)C,
is relatively narrow. The simplified method for calculating the two-phase

I equilibria in ternary systems has been discussed extensively by Rudy() it

suffices to say that the compositions of the two co-existing phases are where

j the concentration free energy gradients are tihe same, i.e.

dAG1  dAG2

"(z9)

1.

L
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T ZOI)K

T "

rigure 6. Phase Equilibr!a Between Phaaes a and 7 and -y and C
in the System A-B-C at 2OO0"K Calculated Using the
General Method.

The concentration free energy gradient curves for the solid solutions (AB),

(A. B)Cv and (A, B)C are shown in Figure 8.

Next, we consider the two-phase equilibria between t. - solid

solutions (A. B) and (A. BICw. In this case, we assume that the phases ACv

and BCv do not appear in the two respective binaries. Since the homogeneous

range for the phase BC Wis reiatively large and the free energies of ACrneortepseBw w

phase increase rapidly at concentrations of C-component highe.- and lower

12
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L 1-ZOVLI K

[iiy

AC

KY
A

Figure 7. Phase Equilibria Between Phases p and - and - and C

in thL 3ystem A-B-C at 2000'K Calculated Using the
Simplified Method.

0. 5, the tie-line distribution calculated (Figure 9) used this simplified method

does not agree well with that calculated (Figure 10) using the general method

described here ag.in as expected. Moreover, the A-B-rich phase boundary

of the solid solution (AB)Cw calculated using the method described in this paper

b hows a curvature as empected while that calculated using the simplified

method does not.

Tz should be pointed out here since the soluhilities of A and B

in C are assumed to be negligible, the tie lines in the two-phase regions

I (A,B)C} and C and (A. B)Cw and C (Figure- 6,7,9, and 10) were not calculated

and must be pointed toward the pure cý,mponent.

I 13



4.0 1

I. (A. B)C Solid Solution
w

3.0 2. (A. , Solid Solution

3. (A, B)Cv Solid Solution
ST ZOOodUK

1.0

11.0

-3.0

-4 . 0 L ..- _ a
- '•C i 0. 5

"--•3 Figitre 8. Concentration Fr-ee .Energy Gradient Curves foriSolutions (.A,.t3, ,A, B)C v and (A, B)C w at 2O00°K.



BC TQO(K

ACC

Figure 9. Phase Equilibria Between P and 6 and 6 and C inI the System A-B-C at 72000*K Calculated Using the
Simplified Method.

B. THREE-PHASE EQUILIBRIA IN THREE-COMPONENT

SYSTEM

In a similar manner as for the two-phase equilibria, the Gibbs

free energy of a three-phase alloy A xB yC zas shown in Figure 11 is a linear

pseAB AB CnA B 1combination of the Gibbs free energies of formation of the three co-existing

pha es x, y 'zj Ax11 y ti Z1 n xI, y' 1Cz1:

I 15
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I

C

8.c T ZOOK

Ba-a

Figure 10. Phase Equilibria Between • and 6 and 6 and C
in the System A-B-C at Z000"K Calculated Using
the General Method.

AG = v1 AG1 + vZAG 2 +vAG3 (30)

with the following constraints:

vI + v2+ V 1 (31)

X' + Y1 + Z' 1 (32)

! 16



HIomogenieous

Phase 3

AX'. By......

x AR YCZ -Hom ogeneous

Homogeneous Phase 1

.rF Figure 11. Three-Phase Equilibrium in a Ternary System

X.,= 1 (33)

111 Y 1+z 1 (34)

V1 X, tVzx"+ V3X' x (35)

VtI I + Vzy" + V ' Y y (36)

We have twelve unknowns and six equations (31 through 36). Therefore, we

have six independent variables. It is no longer practical for us to use the

similar method as for the two-phase equilibria to find the combination of the

compositions of the three co-existing phaes where AG according to equation

(30) is a minimum.

1 17



Fortunately, we can reduce the six independent variables to

two by taking advantage of the fact that the boundaries of a three-phase

equilibrium are nothing but the limiting tie-lines of the three adjacent two-

phase equilibria. We shall first discuss the method of seeking the composi-

tions (x"', y"', za') of the third co-existing phase when the compositions

(x', y', z' and x", y", z") of the other two co-existing phases are known. We will

then discuss how to find the compositions x', y', z' and x", y", z". Under such

conditions, instead of having the six constraints as expressed by equations

(31)through (36), we have only four boundary conditions: Equations (31), (34),

(35), and (36) with six unknowns, i.e. v1Iv 2 , I,3P x'I',y''" and z''. Therefore,

we have ultimately two independent variables. We can choose any two variables

as we wish, but from a practical point of view, it is convenient to choose the

two variables z'' and y"'. Expressing Vpv 2 'v 3 and x"' in terms of y"' and

z''; we have

V .(y'- y)(z"'- Z) D(a- z)(y'''-.y) (37)

V (y - y')(z"''- z') - (z - z')(y'"- y') (38)

V'3  I -vI - V 2  (31a)

x"'' 1 -y'"- z''' (34a)

where

D = (y'-y')(z t - z') - (z - z')(y'''- y') (39)

To find the values of y'" and z'" we again have to use the condition that at

equilibrium AG according to equation (30) is a minimum. The method for

seeking the values of y.' and z'" where AG is a minimum is similar to the

method used for solving the two-phase equilibria discussed earlier.

For the three-phase equilibria resulting from a miscibility gap

in one of the solid solutions, the compositions of the miscibility gap of this

solid solution are well-defined. In this case, we can solve for the composi-

tion of third co-existing phase using the method described here.

18



, I[
Model Examplt Z.

We shall use the sexne data as in Model Example I t.i illustrate

the application of the method described here. When the temperature is lower

from ZUOOK to 1250°K, a miscibility gap results from the solid solution (A,B).

The compositions of the miscibility gap at 1250"K are x' z 0.83, y' - 0.17

[and x' z 0. 17 and y" 7 0.83. Again, as shown in Figures 1Z and 13, the phase

equilibria calculated using the simplified method agree well with those cal-

5 culated using the general method with the exception that homogeneous range of

the solid solution (A, B)Cv with respect to component C is ra - awer The free

enerLy-concentration-g-adient curves used to determine the phase uquilibria

at 1250°K as shown in Figure 12, are displaced in Figure 14.

I Referring to Figure 15, the method for seeking the composition

of the three co-existing phases •--- will be discussed using the following

I conditions:

at xz -G (I: between P-6) < AG(2q between 83--*
< AG(34) between ,c--y-6)

at xZ, Y2 1 zZ: AG (34• between P-6 --Y) < AG(Zi between P-6)
< AG(Z between P - )

atx 3, Y3 ,z3 -NG ( b between P-n) < AG(Zy between P-6)
< AG(34- between P-1-6)

In reality, we don't have any idea about the compositions of the three co-existing
phases except we know there is a three-phase equilibrium P-1-6 since the

correspording phase in the A-C binary is not stable. Thus, we can start, let's

L savr, with a composition x> , y z, and ask ourselves what possible three-phase

field it is in. We know one of the phase boundaries of this three-phase equi-

Ii librium 03- ,-S is the tie-line between P-6 and furthermore, this tie-line must

lie at the left of the composition x, yl-, '. Thus, we can start with various

SI compositions at the left of the composition x,, Y,. z, and first find the correspond-

ing compositions of the two co-existing phases 0 and 6. Knowing the various

I values of x', y', z' (P-phase) and x", y", z" (6-phase), one can calculate the

corresponding values of x"', y'", z"' (--phase) and the corresponding values

of AG ( 3 :p between P-6-1) . One then compares the lowest value among all the

AG values calculated with those of AG (24 between P-6) and ,G(2-q between P--1)
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Figure 12. The Phase Equilibria Calculated Using the Simplified I
Met'iod in the System A-B-C at 1251*K When the Two
Binary Phases AC wand BC are Unstable.

using the method described earlier. The stable equilibrium is defined by I
the lowest value of the Gibbs free energy. If AG (20 between P-6) is the

lowest, &.4 three-phase eqkilibriumn must lie at the right of the chosen values

of x1 , yI , zi. If on the other hand, the value of AG (24 between 0--y) is the lowest, -

then the three-phase equilibrium must lie to the left of the chosen values of

x 1 , zYN If the value of AG (30 between 3-V-6) is the lowest, thmn we have

found the three-phase equilibrium. A simple and rapid iteration process can

be prepared to solve the compositions of the three co-existing phase8.
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I Figunre 13. The Phase Equilibria Calculated Using the General
Method in the System A-B-C at cacuaK When the Two

e mIntermediate Phases ACd and BCw are Unstable.

"L Model Example 3:

Using the same data as in Model Example 1 and assuming all
th hrepas C C and BC• appear in the corresponding two

binaries A-C and B-C, we shall use the method described here to find the4
S• three-phase field • 3-y-6 and the tie-lines in the three two-phase fields: •3-6,

• " •- and y-6. The phase diagrams calculated at Z000*K using the general

S~method as shown in Figure 16 agrees well with that calculated using the simpli-

-• tied method (Figure 1 7). The obvicus difference between the two calculated

, I
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2. 0 1. (A-B) Solid Solution

"2. (A-B1) C Solid Solution

0
T U 150 K

1.0

0
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-3.0

-4.0 k

AC. 0.5 BC"

XBC

Figure 14. The Concentration-Free-Energy-Gradient Curvesr

for Solutions (AB) and (AB)Cv at 1250*K.
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Figure 15. A Typical Ternary Phase Diagram with a Three-Phase Field Result-
"ing from the Absence of a Corresponding Intermediate Phase in the Binary A-G.

a..,

C

IC

AC_

j Figure 16. Phase Equilibria Galculated Using the General Method in the System
A-B-C at ZOOOC when the three Phases AC BC and BC are Stable in the Binaries
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A .

8.cc

Figure 17. Phase Equilibria Calculated Using the Simplified
Method in the System A-B-C at 2000*K When the
Three Phases AC , BC and BC are Stable in
the Binaries. w

phase diagrams is the (A-B) rich homogeneous range of the solid solution
(A-B)C with respect to C-component. The homogeneous range calculated

using the general method shows the curvature while that calculated using the

simplified method does not.

Although the technique of fixing the compositions of the co-
existing jhases for a three-phase equilibrium using the simplified method

has bsen discussed extensively previously, it is worthwhile to point out that
in addition to the condition at equilibrium, the free-energy-concentration

gradients, i.e.

iZ
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Figure 18. Integral Gibbs Free Energies of Decomposition of
(A, B)C 23 to (A. 3)GC.96, and (A,,B).
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OAG(A, B)C.

-BCG

must all be necessarily equal, we need the additional stability condition in

order to fix the compositions of the three phases. Erpressing in thermo-

dynamic terms, the stability condition simply says that at equilibrium the

integral Gibbs free energy of decomposing an alloy (AB)Cv Lto two other alloys

(A,.B)Cu and (A,B)Cw m..st be zero. For the rnodýl example de. cribed here,

the total Gibbs free energy of decompcsition of the alloy (A, B)C0 • to the

alloys (A,B)Co.96j and (AB) according to the following reaction is shown in

Figure 18.

(AB)C0.3 Css< - 0.244 (A, B)CO.96 1 <ss>_O.755(AB)<s 5 >

III. APPLICATION OF THE METHOD DEVELOPED TO THE SYSTEM

Ta -Hf-C

As already discussed earlier, in order to precalculate the phase equi-

libria in a ternary system, it is necessary '.o know the free energies of the

binary phases as a function of composition and the solution behaviors of the

ternary phases. In the binary system Hf-C, one interm-ediate phase, hafnium
(4)monocarbide -l-fC (B 1-type), forms with a wide range of honmogeneity4. The

a-Hf terminal phase is stabilized by the addition of carbon atoms to h±,her tem-

peratures- However, since little is known about the free energy of this phase

as a function of comnposition. we shall at the present ignore the stabilization of

the a-phase to high ten,'eratures and assume that n-xetal and carbon components

at the metal-rich boundaries of the monocarbide phase are in equilibrium with

those in the !3--f terninal phase At high temperatures.

In addition to the mrnnocarbide phase (Bl-type), a second intc(rmediate

_uhase. TazG forms in the system tantalum-c,ý.a-or.. Tantalum bubcarbide, Ta 2 C,

is poly.-norphict. ThL low-tcniperature form, a-Ta2C, has a hexagonal close-

packed arrangemnt ol the metal atoms. The distribution of the carbon atoms

among the interstitial sites is not known but undoubtedly dependent on temperature.
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The high-temperature form j3-Ta2 G, probably has tnt same arrangement of

metal atoms(5 but differs in the degree of disorder in the carbon sublattice
from the a-modification. AIgain, for the lack. of pertinent thermodynamic

data with respect to the two modifications of Ta 2C, we shall assume a-TaýC

and 3-Taf2 to be of one phase for the calculatiorn at the present.

Tae Gibbs free energies of the rnonocarbide and subcarbide phases

will be represented by a sum of two contributions: the thermal and the con-

figurational contributions to the total free energies of these phases, i.e.

th II(39

aG = AG h+ AG' (9

Since the free energies oi formation ()for both of the two mronocarbide phatse!E

at the stoichion-etric composition have been determined, we shall represent

the free energies of formation due to thermal vibration for compositions less

rthan x = 0 y

th a

AG th(B)I phase) 2 (1 -z) AG f + (1 -Zz)(a + bz + C z ) (40)

where AG fis the Gibbs free energy of formation of the stoichiometric mono-Lcarbide phase in cal .'gatomn alloy, z is the atom fraction of the carbon com-

ponent, and a, b and c are parameters needed to be determined. When o and c

are set equal to zero, we have the Wagner-Schottky ( 6 .78,9) vacancy model with
L 'a' being the Gibbs free energy of forming a carbon vacancy on the carbon sub-

lattice. For the free energy contribution due to configurational mixing of carbon

atoms among the various lattice sites, we assume ideal entropy of mixing which

is reasonable at high temperatures. Accordingly, we have

AG cnRT~zIn + lIZ n 1-azi(1

Swl erpeene yasmor f tw+otibtos th (4)lad h cn

For the subcarbide phase, the thermal contribution to the total free

energy will be represented by a 3rd degree polynominal, i.e.

AG = a'+b'z +cd'z (40b1
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For the configuradonal free energy, we shall use the model developed by
(10)

Rudy0. In this model, one assumes that the two interstitial sites occupied

by the carbon atoms are energetically different by an amount of AE. Express-
ing in terms of two gram atoms of metal (Me 2Gw, the configurational free

energy as derived earlier is

AGco nB zAS+ [zAIn zA+ (l-ZA) in (i-zA)thMeG~ B A ZA

+ zBln zB + (l-ZB) In (l-zB)] R T (4Z)

where AE is the energy difference between the two interstitial sites in the

cal,,/2-gram atom metal, zA is the mole fraction of carbon atoms on the A-sites,

(l-.zA) is the mole fraction of vacant A-sites, zB is the mole fraction of the

carbon atoms on the energetically unfavorable B-sites and (l-zB) is the mole

fraction of the vacant B-sites. It is understood that

z A + zB = w (43)

However, sire it is more convenient to discuss the free energies of solid solu-

tions in terms of one gram atom alloy, we shall divide equation (42) by (?- + w)

and change the variable from w to z (the atom fraction of carbon atoms in the

solution). Accordingly, we have

4AS +zfzz ln z + (l-z) In (l-zA) +
CMe1  C 2 1 B& L[A A AA

4 zB InzB 4(i-zB) (I-zB)] RT] (44)

Using the well-known thermodynamic relationships relating the partial molar

and integral quantities, we have,
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cord dAG

AGMe dz

z BAE rT
B Kin z+ (i-z) in (Iz+
a A ZA A (zA)

+ zB in z B + (iz B) In (1-z B)]

itA ZB

AGcord = AG +(1- z) dAG (5
c d

- ALEs +rRTin1 A- + sRTlIn B- (46)
T-A 1ZB

where

(z A ) (2 + u)
r (1_ZA)(+ -AE[RT (47)

s(1z B) 2 (1+v(8

U- A (49)

ALE

L Fi - ZB (50)
B

11

aLE AE ALE ALE

ZB tz e 1 [13z A--4:)

Bz F1-z 2 (i-,z -e ý

2 (1-e AE RT)
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2z
A- zB (52)

If we set AE 0, z A z zB since there is no difference between the carbon

atoms on the A-sites and B-sites. From equation (52) one ubtains,

ZA z ZB -I (53)

Substituting for zA and zB according to equation (53), equation (44) reduced

to equation (41).

Before we can proceed any further, we must know the values of a,b, c,

(equation 40a) and of a', b', c' (equation 40b) for the monocarbide and subcarbide

phases in addition to the values of AE for the two subcarbide phases. These

parameters were determined by using the following conditions.

a. Values of AG for TaC and HfC are those selected by
(6)fChang

b. The free. energy decomposition of TaG0 3_ to 0.633

TaCO.79 + 0. 367 Ta is taken to be 2300 cal at ZZ730K(b).

c. The free energy difference between HfC03 and TaC0 .S

is taken to be Z250 cal at 2273

d. The phase boundaries of the subcarbide and monocarbide

phases are those determined by Rudy(4) and Rudy and Harmon(5).

e. The partial molar quantities in the two-phase regions:

nmetal-subcarbide, subcarbide -nonocarbide and monocarbide -graphite must

be all the same.

With these five conditions, we have obtained the following results for

our computation:
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HfC-phaise (B1-type)

ZAG f, -52, 350 + 2. 08 T 298. lS'-20736K

-560+ 3.66 T 2073 *-2491 *K

a 250, 154; b z -968, 150; c =1, 113, 4170

a' 72, 445; b' = -466, 000; c' 650, 000; d'1 0; 4E0O

[ TaG -phase (B 1 -type)

AG oosz-35, 335-1. 7949 log T t 6.4757 T

!o !

Ia =363, 950; b =1, 527, 083; c =1, 770, 833

I|

Ta 2iphs

using the simplified method are shown in Figures 21 and 22 for comparison. As
might be expected, the marked difference between the calculated phase diagrams

by the two different methods is the homogeneous range of the monocarhide phase.

The co~ncentration,-free -energy- gradient curves for the metal, subcarbide and

monocarbide phases as well as the integral free enirgy of decomposition of the

'subcarbide phase into the metal and rnonocarbide phases at 1273'K used to

establish the phase equilibria are presented in Figures 23 and Z4. Similar

curves used to determine the phase equilibria at 177V*K are not included in

this report.
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Figure 19. Calculated Phase Equilibria in the System Ta-Hf-C
Using the General Method at ZZ73*K.
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Figure 20. Calculated Phase Equilibria in the System Ta-Hf-C
Using the General Method at 1773*K.
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Figure ZI. Calculated Phase Equilibria in the System Ta-Hf-C
Using the Simplified Method at Z273*K.
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Figure 22. Calculated Phase Equilibria in the System Ta-Hf-C
Using the Simplified Method at 1773"K.
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I. Subcarbide Solid Solution

Z. Metal Solid Solution
3.0

3. Monocatbice Solid Solution

T 2273°K

Z. 0

1.0

0

-600
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0 0.5

T~iC HfC

Figure 23. Concentration Free-Energy-Gradient Curves for the
Meti., Subctrbide Laud M. ...Larbide Solid Solutions.
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Figure 2-1. Integral Free Energy of Decomposition of the Subcarbide
Phase into the Metal and Monocarbide Phases at 2g73"K.
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IV. DISCUSSION

The method debcribed in this report has demonstrated that the phase

equilibria in three-component systems ca be adequately predicted from

binary data based on the first principle provided that the Gibbs free energies

of formation of all the binary phases are accurately known as a function of

composition and temperature. Moreover, one must also know the solution

behaviors of the ternary allo) s. It has bt n demonstrated previously 3), that

for the interstitial type of solid solution suc ½ as the transition metal carbides,

the regular solution theory with proper values of the interaction parameters,

is adequate in most cases.

The general method also demonstrates that the simplified method

originally developed by Rudy for predicting phase equilibria in three-component

systems is sufficiently accurate. Ln cases where the homogeneous ranges of

tile ternary solid solutions with respect to the interstitial component such as

carbon are small, the simt,.Ufied method would predict the identical results

as the general method. Only. when the honmogeneous ranges of a Lernary solid

solution with respec . to the interstitial element change drastit ally with the metal

exchange, will there be a difference between the phase diagrams calculated

using the two different methods. In practice, the phase equilibria in a ternary - -

system predicted by the simplified method are sufficieifly accuratea in most --

cases.

3 8
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AtPPENDIX I

COMPUTER PROGRAMS FOR TERNARY PHASE

DIAGRAM CALCULATIONS (Ray Marler)
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ISIFTC K-1 FULIST

DIMFNSION XC50()Y(50),A3(3),A4(3),TITLE(13)
NAMFLIST/INPUT/NOXYSIPRINT.CASEDUMPsXLiMRTsFPSPtEPSPPA

3,A 4 *
LiI X,%Y 9K1,9K2

NAMELIST/DTADMP/L1NEKJ,XPYP,XPPYPP,ZPPDG,DG3,DG
4 ,GNUIGNU2s

lFXPFYPDG1,CIC2,FC1,FC29DG2
I FORMAT(IH139X53HA E R 0 J E T G E N E R A L C C R P 0 R A 7 I

10 N/lHO39X53HC 0 M P U T I N S C I E N C E S D I V I S I 0 N

2/lH050X31HS A C R A M E N T 0 P L A N T//lHO57Xl7HP R 0 G R A M

3 K/IH027X77HT W 0 - P H A S E E 0 U I L I 6 R I U M I N T E

4 R N A R Y S Y S T E Mi/16HOC U S T 0 M E R 97X19HP R 0 G R A M M

5 E R/12HOY. A. CHANG109XllHRHo MARLER//)

READ)(5*171TITLF
2 REAr) (5sINPUT)

WRITF(6,1)

WRITE(6,18)TITLF
WRITE(6,INPUT 1

LINM = XLIM + ,Ot5

NDUmPl= DUMP
NDUMP2 = INT(DUMP*XLIM+*005) - NDUMP1*LIM

j RT = R*T
WRITE(691)
WRITE(6918)TITLF
DO 14 I = I, NOXYS
WRITE(6,16)X(I),Y(I}
PASS = 1.

L = I

LINF = I
LIMX = XLIM * X(I) + .005
BLIMX = LIMIX
JMAX = LIv - LIUX
DO 12 K = K]*K7
CAY = K
XPP = CAY/XLIM
DO 12 J = It JMAX

-- XJ = j
XP = (BLIMX + XJ)/XLIM

ZPP = (XP - XPP)*(I* X(III YlI))/(XP -X(1))

IF(ZPPGE.1.,ORZPP.LE.O..OR.XP.FQ.XPP.OR.XP.EQ.X(1))GO TO 12

DG3 :(A3(3)*ZPP+A3(2))*ZPP+A3 I))/(I.-ZPP)

DG4 = ((A4(3)*ZPP+A4 (2)*ZPP+A4fl))/(I ,-ZPP)

GNU1 (X(I)-XPP)/IXP-XPP)
GNU2 (XP-X(1)I/(XP-XPP)
IF(GNU1,LT.0..OR.GNUI°GT,.1,OR.GNU2.LT.O.-OR.GNU2.GT,1.-G0 TO 12

Yp = 1,-XP
YPp 1. -XPP - ZPP

CALL XLNX(XPgFXP,$12)
CALL XLNX{YPFYPt$12)
DGI = (FXP+FYP)*PT+XP*YP*EPSP
Cl = XPP/(I.-ZPP)
C? = YPP/(l!.-ZPP)
CALL XLNX(Cl*FCsS1$2)
CALL XLNX(C?9FC?9$12)
DG2=((FC1+FC2)*RT4Cl*C2*EPSPP÷Cl*DG3+C2*DG4)*(le-ZPP)
DG =GNUI*DG1+GNU2*D52
IF(DGGF.0.)GO TO 12
IF(PASS*NE.I1)GOO 5
PASS = 0.

GO TO 6
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S IF irG - DGOLo)69S,8
6 DGOLn a nG

XPS a XP
YPS * YP
XPPS- XPPyppsm YPP

ZPPSM ZPP
LSAVE aLINE

8 IF(NDUMPI.NE.KOR.NDUMP2,NE.J)GO TO 9
WRITE (6.DTADMP)
GO TO 11

9 IF(IPRINT.FQ.O)WRITE(6,10)LINEXPvtYPXPPYPPZPPtDG
10 FORMAT(1H 15X14,6EI698)
11 LTNF a LINE + 1
12 CCNTINNUF

WRITE(6,10LSAVFsXPSYPSXPPStYPPSZPPStDGOLD
14 CONTINUE

CASE z CASE - 1.
iFiCASE.GT.0.)GO TO 2

15 STOP
16 FORMAT(lHO19X 4HX = E15.81oX94HvY = E15.8/IH 15X4HLINE7X2HXP14X

12HYP13X3HXPP13X3HYPP13X3HZPPI2X5HDEL G)
17 FORMAT(13A6)
18 FORMAT{IHO27X13A6)

END
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I";N5 ION X f 50 ) 9Y 15O) ,T I TLE ( 13) ,VA (5 ) sVRf5) ,PA 15) ,R)9 I 5
NA"ELIT T/I NPUIT/NOXYS, I PR INT ,CASE *DUMP, XL IM,R,TTEPSPEPSPPsVA*VSt

S XY,K1 . K2 ," 1 ,D,RA,•BDEACVDEBCV- ,i,.n•CUgtG3C"

NAMELIST/DTADMP/KIoJXP.YP.XPPYPPZPPDG.DGACVDGBCVGNUl.GNU2,
lFXPFYPDGICIC2,FC1,FC2,DG2

1 FORMAT(1H139X53HA E R 0 J E T - C E N E R A L C - R P 0 R A T I

10 N/IHO39X53HC 0 M P U T I N C S C I E N C E S D I v I S I 0 N
2/IH05OX31HS A C R A M E N T C P L A N T//IHO57Xl7HP R 0 G K A ,

SK.'1HC27X7?'HT W 0 - 0 H A S E E Q J I L I 9 P I U' I N E
4 R N A R Y c Y S T F M/16HOC U S T O M E R 97X19HP R 0 G P A M

5 E R/12HOY. A. CHANGCICX11HR.H. VARLER//)
REAF(5,171TITLF

2 PFAF' (%TNPtUT)
WPITE(6, 1)
WRITE(6,1 T)TITLE
wRITE'6,INPUT )
LIM = XLIM + .o"5
NDUjmDI= DUYP
NDUMP2 = INT(DUL.vP*XLI'+.005) - NDUMPl*LI,"'
FLAG = NDUMPl
RT = R*T
WRITE(6,1)
WPITE(6,18)TITLr

"1 14 1 = 19 NOXYS
WP!TF(6,16)X(I) 9Y(I I
PAýZ = 1.
LI.X = XLIV ' X(I) + *0C5
BLImX = LImX
JMAX = LIM - LImX

DO 12 K = K19K2
C &Y' = K
XPP = CAY/XLIt-

DO 12 J :I JMAAX
XJ = J
X0 = (RI-'X + XJ)/XLI.',
TV(XP.EFr.XPP.Ciq.XP.FO.X(!) ) )CO TO 1?

ZPP = (y.Q -5WP) -I-*Pq
:F(ZP0*rn.o 517Pc' = ,499

!F( ?P.CT.D4. .',ZPP.LT.D3)YO TO 12
CALL DLGC(DGAC'I,.RTZDPVARADEACVtLtL',G,912)
CALL DLGC DGRC ¢ ,R TZPP V'•R B ' E•-CV , •L "•G ' 12)

GNU! = (X(I)-XPP)/(XP-XPP)
GNU2 = (XP-X(IH)/(XP-xpP'
IF (GNU1.LT.O..OR,, T.I..OR.GN:J2.LTC..O•..C\U2.GT.i.)GC TC 12
YE) - i ,-Xp

yDP 1. -XPP - ?PC
;ALL XL-;X {XP,r'XP,$1l?'

CALL Xt 'X(YP, 'YP,¢c 1
R'( 1 (FxP+FYDI •T+P*Y'•PFP÷+NACt*XPC'QC-'-!'VP

'ALL XLNX(CIFCjI, 121

"j% LL XI NX Cl j,Z # 2,FI;12)
rC-z:((=r'1 *•(2), + -1 *i ;E DP ÷ 2*,rMI•Cv -+ C!*r.'-ACV•' (i -Z '

' <j:%"!:*-' .I÷ " :' "'"

2, +;
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GO TO 6
5 IF tbG - (r0L"1ERs8

Xps m XP
yps a YP
Xppsm XPP
yppsa YPP
ZPpS= ZPP

8 IF(NDUMPI.NE.K.OR.NDUMP2.NE.J)u0 TO ;i
WRITF (6,0T*g%#Pl
FLAG z 0
GO TO 1)

9 IF( ORNT'•.j•QITEIb,! wPvPYCZ••

10) FOPMAT(IH )qXcýF16.P.P16.4)

12 CONTINUF
WRITE(6910! XpsYP',XPPctvPP'.-sZDPPG L'

14 CONTINUF
CASE = CASE - 1.
TF(CASF.OT.0.)nO TO 2

15 STOP
16 FORMAT(IHO23X4HX = Fjo08,SXs4HY = F10.8/IH 26X2HxP4X

12HYP13X3HXPPI3X3HYPP13X3HZPP12X5HDEL G)
17 FORMAT(13A6)
18 FORMAT(1HO?7X13A6)

ENrl
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jn rrr e - 5 F7-LIST
)IMENSION X(50),Y(50')Z(50),TITLF(I13),CDC3(3).CDG4(31)CDG5(3)t

NAMFLIST/INPUT/ &,9C .DRT, DELTAEPSP.EPSPPCDG3 ,CDG4 '
I r # r'6 . 19Y,*
1 FORX'AT;1H139X53HA E R 0 J E T - G E N E R A L C 0 R P 0 R A T I

10 N/lHrC,-9X53HC 0 v P U T I N G 5 C I E N C L S 0 1 V 1 5 1 0 N
2/IH05OX31HS A C R A E N T 3 P L A N T/IIH057Xl7HP R 0 G R A M

S</lw0]gXqlHG r N r 0 4 L T W 0 - o H A S E E 0 U I L I 3 R I
a 4 U kU I N T E R N A R Y S Y S T E M/16HOC U S T O M E R 97X

519HP P C, G R A v v E R/12HOY A. CHA.NG109XIlHPzH. MARLER//M
PFAnI5. )TITLE.9IC

2 F0PLAT(1•AA,I?)
I PP r,• (r5,INPlJTl

- WRITF (691)
WQITE(6,4)TITLFID

4 FORMAT(1H026X13A6,25XI2)

WRITE (6,INPUT)
"WRITE1691)
WRITE(6,16)TITLE

16 FORMAT( 1M026X13A6// 7XIHX12XlHY12X1HZ11X2HXP11X2HYP11X2HZPlIX3HXPP

,11X3HYPPlIX3HZPP 9X7HDELTA G/)
Q7 = P*T

r)O 14 1 = 1950
SIF(X( I ).FQ.n..AND.Y( I ).F.0,0AND°Z( I .E:.Q 10O TO 15
"IDAASS = I

17 IF(A.EQ.X(1))A = X(1)-DELTA/10.
XPP = A

5 IF(XPP - X(I)) 6,13.7
6 XP = XCI) + DELTA

XDN•.AX
GO TO e

7 XP = n.

XPmAX - X( I

12 ".'r) = Io-X -Z P

• •-NUI x ( -X0D ) / ( X -X {

(7-r-.NU2 FTU .- GNUI
Y!"P =(Y( I)-G%''!l*YP)/GNvj?

•'f ZDP =] ,-XPP-YPP
[ IF(ZPP.,GE.J..OR.ZPP*LTsOolGO TO 11

CALL CU•IC CCDG3,ZPP9DGC,$11 C
CALL (",-" I C ( U IC -4 9 ZP, SIC-4 . $11)
Ul = XPP/(l,-ZPP).. ! 7' = YDo / ( I,-ZIOr 3

CALL XLX(!j',FU],$11,
rALL X LNX (t.? IF 112,$SI I )
N-3P=(Ful +FU? ) RT÷U: *,.:*FP5PPr ÷U?*Dto-4 U! .J* S• * -Zkp)
ýALL CUP I C( -5 ZP, S• 9ý ]- 911

L L "-p-I u? *V6 Y -ýb9$1

S1,11= XPI(I°-Zr-)

t,12- YP/(lo-Z0)

I- L'. X L , (• ,F ., I N X
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19 IFnG.G*.5DGS)CO TZ O
DGS•x DG
XPS a XP
Yps YP
XPPS =XDP

ZPS ;: ZP

9 F(TgXNr.•IW1 TT•(6,1"}X( T ),Y( )•{IX'pZ'p'otp'C

JC FORY&T(IH 9FII.PsFI3.4)
ii Z• ' ' * _F~

JF(ZP.LE.'))G'ý Tn 12
XP . xP + rfFLTA

lFtXP.LT.XPP"AXi'-O TO 8

13 XPP = X *P + '1LTA
jr(X^0.LE.9j,.)CI T! 5

'o.RITE(6,10,) X{ ) YlI ,Z(I) .xPSSYP',ZPS Xpp5 yp P Pe-'DGý,

14 CONTINUE
15 CO TO 2
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SIRFTC K-2-A FULIST
DIMENSION X(5OhY(50) ,Z!50) tTITLE( 131hVACV(5),VBCV(5|tVACU(5)

1 VSCU(SiRACV(5),RACUt(5 ,RBCV(5),RBCU(5)
NAMELIST/INPUT/ A tBC.,D,E oF %R, T 9,DCELT A,S EP5P 9ESPPr)EACV9DE9CV,

1DEACU,DE'CUVACV.VBCVtVACU, VPCL .ACV9RPCvRACj9R8CU,*XY ,Z
1 FORMAT(IHI39X53HA E R 0 J E T - G E N E R A L C C ,R P R A T I

10 N/ii039O53HIC 0 M P U T I N 6 S C I £ N C E S , i V ,
2/1H050X31H5 A C R A M N , T C P L A N T//1ý057X17p'," R 0 G R A M

3 '/lHCl9X93HG E N E k A L T w C - 0 H A S E E 0 U I L I H R 1
4 U M I N T E R N A R Y S Y S T E m/ 6HOC 1" S T 0 M E R 97x

519HP R 0 G R A M M E R/12HOY. A. CHAN,-i09XIIHR.R. MARLER//M
READ(5,3) TIT'.FIO

3 rMUAT(llA6*171
2 RF.Ar (5,1NPUT)

WRIT" (691)

WR ITE(6,4) TITL-9, IrP
4 F0RMAT(IH026XI3A6,25XI2)

WPITE (6,INPUT)
WPITE(6i,l)
WR ITE(6 t6) TITLE

16 FORMAT(lH026X13A6// 7XIHX12XIYl2XIHZIIX2HXPI1X2HYPlX2hZP1IX3HXPP
IIIX3HYPP11X3HZPD 9X7HDEL7A -/)
FLAG =1'/Il/r

PT =R*T

O 14 1 = 50

XPP = A
')0 17 IXPP=I,10'•0
IF {YPP-Xf(I } l6,1•?-

6 XC = X(i) + DELTA
XPMAX = F
GO TC 8

7 XP = F
XPVAX = XtT)

z P I iXP=:,ll::P
ZP=C

, • ?: T?P= l*!Onr
SYP=i .- XD-ZD

!F(XP.EOQ.XDP)GG TO 11
C;NUJ] = (X (I) -X'P) / ( X'-XPP)
IF(GNI.;.SE.I..OR.GNUI.LT.0. GO TO 11
GNU2 = I.-GNUI
YPP =(Y(I)-3NUI*YP)/PNU2

Z;P =1.-XPP-YVP
IF(ZPP.GE.I..OR.ZPP.LT.0.)G0 TC 11
CALL DLGC(DGACV,RT ,ZPP,VACVRACVDEACVFLA5S,11 )
CALL DLGC{DGRCV,RT,ZPPVACV.R.iCVDEBCVFLA-,¶$11)
Ul = XPP/(!,.-,'PP)
U2 = YPP/(I*-ZPP)
CALL XLNX(UIFUI1,$I)
CALL XLNXfU2,Fk)2,$1I)

CALL D'_GC DGACURTTZn.VAC!.,RACuDEACU FLAG.$" iA
CA•L DLC.C,,, - ,'Eq:J. .,4

•Al= Xl'/ i.-W1F'; .'i

'..Z= ":-I(i,-47



'G a (C-NU1I0t1 * r-NU2 * ý152
IV(T0AK.F5.•'ICnfl tn 9

19 IFnI'Go.GL.Gs 33;

| pnc,€ z n,•

x r.S 5 X;ý

YPS a YP

FPPS uAPP

zpps= ZOo
9 IF(!D.4IE.D)wr91Tr(6,1^)v(:)* *'( 'rv'•XDYF:p

11 ZP = ZP - ')ELJA
It[ZP.-,T.'C-3 T(• 12

22 CUNT>UFE
WR:TE16b231

2-3 FORWATC 2S<^T-c' Z:L 3) '
GC Tj 5

12 XP =XP+:5ELTA

!P CONT INUF
W•'ITr(692,0t

2 . Fcp.AAr ( 25"-'IT•- XV• L,.: - .:i • F•• •.

r.,! Tf-n 5

I 3XPP = XPP %L,'T-
IF(XPL'.GT.Th)&( TO 5

1w RIT 6INIW2".aFl1TVC6,21 3

21 FdhiVATC26 2OT-4E XP r Lr-:' .. A" rvE(F E

5 eI?;TE(6,1O)A( 1 )." IP -' Y P C

14 CONTI N E

15 GC- TO 2
FN_4
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N,, T C- FN L F IT
IY'I tr~lh4(• TETLr( 'fl

" ")*ANON CADCl A V( 3 C ,cD(•r•cv( A ) C Acw(3D C CDGFRCW ( 3)
SA','U L I T /I NP JTI PI gil"%'LTAXY tzXPYPqZPXPP9YPPZPPsR,TM,

I \:LGACV, (.cvDv , c.cF. Pc P ,EP SPP * EPSPPP
S1T1iH131)Xr~IV R 0 J E T - G E N E R A L C 0 R P 0 R A T I

N: iH 3'.,'X5 • c i P J r I N G S C I E N C E S D I V I S I 0 N
5/350 X 3Hc, A C R A Y. E N T 0 P L A N T//IHO57X17HP k 0 G R A M

3 K,/1HO'x9 3 G N E R A L T W 0 - P H A S E E 0 U I L I B R I
4 U, I.;.N T E N A R Y SYS TE M/16HOCUS TOM E R 97X
519ýiP R 0 G R A, M E R/12HOY. A. CHANGJO9X11HR.H. MARLER//)

P E Afl I 3) T 11 LE ,ID)
3 FOPMAT (13A6,I12)
"2 KFA' (5,1N 7LFMT)

ý'QITF (6,l)
WRITE(6,4) TITLF. ,Ip4 F)R',vAT (H0?6XI3A6,25XI2)

,',PITF (6,INPUT)

W, ITE(6,1)
WRITE(6,5)TITLE
R r = R * T
kCALL DGACVS(DC1ACVZPP 1111)
CALL DGRCVS(DGBCVZPP %$11)
,.1=XP/(1.-ZP)

CALL XLNX(J1,FUl,$11 )

.CALL XLNX(UI?,FI? ,2 ll )
: (FUI+;"U2)*RT + ED.5P*U1*U2

..if XPP/(1.-,7Pp1

0P?=YPP/(I.-ZPP)
/, LL XLNX(UI ,FU1,$ll)

CALL XLNX ( 'J2, FU , $11 )
((FUI+F LU2RT +FPSP PU1*1L2 DGBCV*U2 + DGACV*UV)*(I.-ZPPP

I' IPAIýS t-I

FYp = YF'-YSY P Y PP- Y

')7p=
>7z')Fl = 7 yD p.vP-7

Znpr= rr r

7 Y•PPP:f,

YDPDMX=] .- ZPPD

1 "YpppPy~pp-y
A EA1 =t)YP 'IZPPP-DYPPP*DZP
A,'EA! =DYPPP(ZlPP - DYPP*DZPPP
I .C(.:e(T. (ArAI.LT.O..A ND.AREA2.LT.O..AMID.AREA3.LT.O..OR.AREA1.GT.

I....AN.,RF,.'.GT.O..AND.-REA3.GT.0.))GO TO 11

('LL ,",(2CA(WZPPP,$1)
CALL DGorcWS(Dr,Fz-WZPPr,1 II

'. ='PPP/ (1

C ALL XLNX (0 1,F) 1 9 1
- L;tI XLN×( H7,c-U?.Z o i )

((FUI+FJ2)*PT+EP_.)PPP*Ui"U2 + DGPCW*U2 + DGACW*U1)*(.I-ZPpP)
- Y ) P(ZPLP- ZWI) - (ZOP - P) 4 (yPPP- yP)

S(ypp-y) t (7PPc-Z - (ZPF'-7 (YPPP-Y))/D
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"IF(GNUI.LE.O..OR*GNUI-GT*le)GO TO 11
GNU2 " 1(Y-YP)*(ZPPP-Zp| - (Z-ZP)*(YPPP-YP))/D
IF(GNU2.LE.O*.OR.GNU2*GTl*)GO TO 11

GNU3 -1.-GNU1-GNU2
DOG GNUI* DG1 * GNU2 *DG2 + GNU3*DG3
1F(IPASS.EO.0)GO TO 9
IPASS a 0
DOS - DG

9 IF(DO.GeoDGSIGO TO 10
DGS 9 DO
XPPPS a XPPP
YPPpS a YPPP
ZPPPS a ZPPP

10 IF(ID.NE.O)WRITE(6,14)XyyZXP YPZP XPP*YPPtZPP*XPPPoYPPP*ZPPPPDG

11YPPP a YPPP + DELTA
IF(yppp.LE.OYPPPxTGO TO 2
ZPPP a ZPPP + DELTA

IF(ZPPP.LE-O2) GO TO 7
' WR|TE(6*14)XtYoZtXP 9YP *ZP 9XPP • tYPP 0ZP

1XPPPStYPPPStZPPPS*DGS
M a M-1

IF(MeLT*O)GO TO 2

IF(DGS*GE,0*)GO TO 12

B1 .AMAXI(SloDGS-DELTA)
B2 .AM|NI(B2#DGS+DELTA)

12 DELTA w DELTA/bo.
GO TO 13

14 FORMATI1H 12F10.7,F1O*3)
5 FORMAT11HO26X
I. 13A61/130H y Z XP Y

lP ZP XPP YPP ZPP XPPP yPPP

2 ZPPP DELTA G/)
END
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SISFTC (-3-A FULIST
DIMENSION "ITLE(13),PACV(5),R-CV!5)sRACW(5S)RRCWIS)VACV(5),

I VSCVt5'),VACW(5)',V9CWC5)
NAEL! ST/,INPUT/q1,82.DELTAXYZXPVYPtZPXPPYPPZPP ftRTOMEPSP*

1 EPSPPEPSPPPDEACV.DERCV.DEACW.DEBCWVACVVBCVtVACWtVBCWt
2 RA V RBCV ^CW R.CWDG PCU OGRCU

1 1 FORmAT(lHI39X53HA E R 0 J E T - G E N E R A L C 0 R 1- 0 R A T I

1O N/IH039X53HC 0 M P U T I N G S C I E N C E S D I V I SI 0 N
2'1HO5OX31HS A C R A ', E N T 0 P L A N T//1HO57X17HP R 0 G R A M

3 K/1HO19X93HG F N E R A L T W O - P H A S E E O U I L I B R I

4 U M I N T E R N A R Y S Y S T E M/16HOC U S T 0 M E R 97X

519HP R 0 G R A M M E R/12HOY* A. CHANG1O9XIIHRH.H MARLER//)
RFAD(593iTITLE, ID

3 FORM4AT(13A6,I2)
2 RFAD (59INPUT)

WRITE (691)
WRITE(6,4) TITLEvIr

4 F0*%dT(lHn!6XllA6925XI2)

WRITF (69INPUT)
WRITF(6,1)
WRITSf6,5)TITL"
'FLAG = ID/10

RT=O*T

CALL DLGC(DGACVtRtTZPPVACVsRACVDEACVFLAG,$11)
CALl DLGCfDGBCV,RT .ZPPVBCVRBCVDEACV• FLA3S11 )

m U =XP/ 1.-ZP)
L! 2=YP/ ( " .- ZP)

CALL XLN!X{'J ,lUI,•]l)
CALL XLN91UJ29FU2qJI1I)
•,l•= (cUli+Fu2)*RT + cPCOUI•U2.-ACU*XD+•'ACU*vP

U2=YDrP/(l.-Zn~l "

CALL XLNXUI',FIJl9Ull)
CALL XLNXJU2,Uv,,S1,l) 0:
DG2 = ((FU1+cU2)*RT +EPSPP*Ul*U2 + D53CV*U2 + 'GACv*u1)*(1.-ZPP)

I 13 IDASS=l
DYP = Yp-Y

yzo=zyp;-y,D~Zp = ZO-1-
DZPP=ZPP-Z

AREA? =DYPO*DZD - DYP*DZPO
ZPPD= nl

7 yPPD = no
VYPP•'Xw .-- ZPPD
tZPPP=ZPPP-Z

M 9 DYPnc=vDPP-Y
AREAl zDYP*0ZPDn-DYn•PD*DZn
AREA3 --DYPPP*DZDP - Dy0rP*DZtVPD

IF(eNOT.tAREA.ILT.O..,AN!.ARE'-2.LT.Oe.D.ýN*3.3-LT-0.-,0 ,AREA1.CT.
1O,,AND.AREA2.CT.O..AD.AREA3.C-T.O.))jG TO 11

S~XPPP-m] -YDOP-Z PDP
S~CALL DLGC(.ýGA.W,,R(, ZDOP*VACe.;*•ACW• D•( AV FLAG,•iI )

!U1 =0P1( I.-ZpoC )
CALL XL'lX(Ul9FlU lll)

CALL XLNX( I?,F'1?,9I1)
DG3 = ((FUI+FU2 *RT+rpSPPP*UI*U2 + DG•W•U? + DGACW*UI)*(I.-ZPPP)
D (YPO - Yo)*(ZPPP- ZP) - tzpp - ZP) * tynt'%n_ Vp)
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tF(DEO.0.*)GO TO 11
GNUl a ((YPP-Y)*(ZPPP-Z) - (ZPP-Z)O(YPPP-YJI/D
IF(GNUILE*O.*OR.GNU1.GT-1.)GO TO 11
GNU2 a (tY-YP)*fZPPP-ZP) - (Z-ZPI*(YPPP-YP)|/D
IF(GNU2.LE.0..OR.GNU2.GT.1.1GO TO 11

if GMU3 sl.-GNUI-GNU2
0DG a GNUI DG61 * ONU2 ODG2 * GNU3*DGIi •FiIPASS.EO.O)GO TO 9SITPASS a 0

DGS a DG
9 IF(DG*GT*DGS)GO TO 10

DGS a DG
XPPPS a XPPP
YPPPS ft yppp
ZPPPS v ZPPP

10 IF(ID.NE.O)WRITE(6,14)X.YZXPYPtZPtXPP.YPPZPPXPPPYPPPZPPPoDG
11 YPPP a YPPP + DELTA

IFIYPPPLE.YPPPMX)GO TO 8
ZPPP a ZPPP + DELTA
!F(ZPPP.LEoS2) GO TO 7
WRITE(6914)X*YvZXP *YP 9ZP ,XPP ,YPP #ZPP t

1XPPPS*YPPPS*ZPPPSonGS
SM a M -1

IF(M*LT*O)GO TO 2
IF(DGS*GE*O*)GO TO 1Z
81 mAMAX1(41,DGS-DELTA)
B2 -AMINl(B2vDGS+DELTA)

12 DELTA a DELTA/IC.
GO TO 13

14 FORMAT(1H 12FIO*7FlOe3)
5 FORMATf1j(05X

1 13A6//130H X Y Z XP Y
lp ZP XPP YPP ZPP XPPP YPPP
2 ZP°P DELTA G/)

END
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SIBLDR XLNXF 12/17/65 XLNXOOOO
STEXT XLNXF 12/17/65 XLNXO001
*N ((XS$V*7'*7-5 00 80 9 9 94 8 93 77 7749G405 Z4 8 93 GG *5 OXLNXO002
*N9((I*XV*7(*7-5 5 t 74+03' W- * 7 9 5 Z *)PO I)4tG47'4to0474*XLNXO003
*NSV*1*7VyX(*7-74 0417477z ' '5 7 IG 074074,74'4491 It 7. I* 74470 IXLNXO0004
- 59(214/ ' '5 ' 1 XLNXO005
SCICT XLNXF 12/17165 XLNXO006
*/ ()( o' 1'I)P 0 0 9*)P '*)P-6 P*I- XLNX0007
SDKEND XLNXF 12/17/65 XLNXO008

S SIBFTC CUBICF NOLIST
SUBROUTINE CUBIC(COEFvX9Y9*)
DIMENSION COEF(3)
IF(X.EQ.1.)RETURN 1
YI= ((X*COEF(3)+COEF(2))*X+COEF(1))/(l1-X)
RETURN
END

I53
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I
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i.,

SIRFTC DGACVF FU!.|ST
¶ -SUSROUTTNF DGACVS(DGACVZPP s0)

COMMON CDGACVi3ICOGBCVi3|)CDGACW(31,CDGBCW(3)
CALL CUBIC(CDGACV*ZPPoDGACV*S1O)
RETUR4

I 10 RETURN 1
END

SIBFTC DGBCVF FULIST
SUBROUTINE DGBCVSIOGBCVZPP 901
COMMON COGACV(3)t,.)GBCV(3)tCDGACW(3).CDGBCW(31
CALL CURICICDGRCVoZPPDGBCVtSIO)
RETURN

10 RETURN 1
END

SIBFTC DGACWF FULIST
SUBROUTINE OGACWSIDGACW*ZPPP,*)
COMMON CDGACV(3).CDGBCV(31)CDGACW(3),CDGBCW(3)
CALL CUBIC(CDGACW*ZPPPtDGACWSIO)
RETURN

10 RETURN 1
END

SIBFTC DGBCWF FULIST
SUBROUTINE DGBCWSIDGBCWoZPPP**)
COMMON CDGACVI31),DGBCVI3)hCDGACW(3).CDGBCW(3)
CALL CUBICICDGBCW*ZPPPDGBCbSIO)
RETURN

10 RETURN 1
END

5 L

L
L.

II

, [
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p

I SIBFTC DELGC PULIST
SUBRCUTINE DLGC (DGC9RvT#ARG*VvARE.DELEvFLAG9*)
DIMENSION V(5",ARE(51
GC a ARE(5)*T * ARE(4)
D3FC -(ALOGlO(T)*ARE(2)+AREf3I)*T + ARE(I)

CALL DGXS(ARG*DELEsR.TDELGXSFLAG6S2)
DGCzt(((ARG*V(5)+V14))*ARG+V(3I)*ARG+V(2))*ARG÷V(I+(1o-29*ARG)*

1GC+(l-ARG)*DGFC+DELGXS)/(l.-ARG)
IFCFLAG.GT.0.)WRITE(6.1XGC.DGFC.DGC

1 FORMAT( 6H GC - E15*8,5X 7HDGFC z E15e895X6HDGC * E15*8)ii RETURN
2 RETURN1

END
SISFTC DLGXS FULIST

SUBROUTINE DGXS(XDELERTvDELGXSqFLAG9%0
RT=R*T
IF(DELE)109591

1 W=DELE/RT
EXPW a EXP(W)
EXPNW al,/EXPW
CALL XSUBAB(X#EXPNW*XA*XB*FLAG$1O)
CALL PRELIM(XAXBEXPNW.EXPWSMALLRS$FLAG)
CALL DELGCX(DELERTXAoXBSMALLRStDLGCXStFLAG)
CALL DELGMXIX.XAtXBRTDELEDLGCXS.DGMEXSFLAGI
CONJXAa1*-XA
CONJXB=I.-XB
CALL XLNX(XAPFXAP$1O)
CALL XLNX(CONJXA*FCNJXAPS10)
CALL XLNX(XB*FXB.S1O)
CALL XLNX(CONJXB*FCNJXB.$10)
DELGXSs(fFXA+FXB+FCNJXA FCNJXB)*RT +XB*DELE)*tl.-XI/2.
GO TO 93~ 5

15 CONJXaI°-X
CALL XLNX (XFX•S1O)
CALL XLNX (CONJXgFCONJXS$10)
UX1lo-2**X
CALl. XLNX(UX*FUXS$10)
DELGXS a(FUX-FCONJX+ FX)*RT

9 IFlFLAG*GT°0O)WRITE(611)DELGXS
RETURN

10 RETURN 1
I1 FORMAT(10H DELGXS = E15.8)

ENE'

U
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$EXECUTE 18.108
SIRJOR A46052 MAP
SI$FTC TAB FULIST

DIMENSION DELTAEIIO19TEE(1OI
I1REA(5t10OOIIDE.ITt(DELTAE(III-IIDE),ITEEIl)t;-I.;TIXFXLDX.R,

WRITE164500)(DELTAEII),1w11ODE),(TEE(I)lt.11lT)tXFXL.DXRFLAG
DO 50 J-ltT
T-TEE4II)
RTeT*R
S00 49 JultlEof
DELE=DELTAE(j)
WRITE (6*200)TtDELE
W=DELE/RT

EXP(6, a EXPCW)
EXPNW a EXP(-wi

IFIFLAG.GT*OE ) WRITE)6L3OOARTGW*EXPW#EXPNWAX
10 CALL XSUEAB(XoEXPNW*XA*XB#FLAG*$11)

CALL. PRELIM(XA*XB*EXPNWtEXPWoSMALLR.SoFLAG)
II ~CALL DELGCXCDELERTXAXB.St4ALLRtStDLGCXSFLAG) •
ll CALL DELGMX(XtXAtXB*Rý,DELE*DLGCXS*DGMEXStFLAG)

DELGXS=((XA*ALOG(XA)+XB*ALOGIXB)+|I.-XA)*ALOG(lo-XA)+(1..XB)*ALOG( ,

GRCTEX6S40O)X3DLGCXStDGMEXSXDELGXS} • IF(FLAG.EO.1,)FLAGmO.
S11 X-X*DX

IFlX.LE*XL)GO TO 10 •

49 CONTINUE E6
50 CONTINUE

100 FORMATIM|/(SE130T)
200 FORMAT(1H139X4HT s E15*8*lOXlOHDELTA E - E15.8/1HO38XlHX14X12HDELT

IA G C XS 7X13HDELTA G Mk XS 9XlOHOELTA 6 XS/)

30C, FORMqAT (11HOE6X5E16.6)

400 FORMAT(27X4E20.*8
500 FORMATIH11/126XSE16.S ))

GO TO 1
END

i6

-- [



iI

I SIBFTC XSRA8 FULIST A
SUBROUTINE XSUBAB(X*EXPNWeXAXBtFLAGo*) B

SASTARelo-EXPNW C
CONJX1 *-X D
BSTARI (lo+X)*EXPNW-3.*X+le)/CONJX
CSTAR=-2e*X/CONJX*EXPNW
XBlu-BSTAR/2./ASTAR G
XB2-SORT(BSTAR*BSTAR-4.#ASTAR#CSTAR)/2./ASTAR H
XB=XBI+XR2

IF((XB.GT,.). AND. (XBLT.1.))GO TO 10 J
XAZXBI-XR2 K
IF(IXB*GT*O*).AND9(XBLTIe))GO TO 10 L

WRITE (6*100)XBASTARBSTARCSTAR M
100 FORMAT(6HOXB c E15.8938H 9 IS NOT IN THE RANGE (0 LT XB LT 1)./ N

1 9HOASTAR - E15*81OX SHBSTAR w E15.8,1OXSHCSTAR E15&8/ 0
216HOGO TO NEXT CASE) P

9 RETURN 1 0
10 XA-2./CONJX*X-XB R

IF(lXA°GT.O..)AND.(XA.LTolo))GO TO 12
WRITE (69200)XAASTARBSTARXB T

200 FORMAT(6HOXA a E15.8,38H 9 IS NOT IN THE RANGE (0 LT XA LT 1)./ U
1 9HOASTAR = E15.8,10X 8HBSTAR - E15.8,1OX 8HCSTAR c E15.891OX A
25HXB = E15*8/16HOGO TO NEXT CASE) B

GO TO 9 C
12 IF(FLAG.LE.0.)GO TO 14 D

WRITE (6,300)XAvX8*ASTAR9BSTARvCSTAR E

300 FORMAT( 21HOD U M P X S U B A B/6HOXA = E15.8SSX5HXB a E15.85X FS18HASTAR = E15.895XSHBSTAR = E15,895X98HCSTAR - E15*8/| G .

14 RETURN H
END I

SIRFTC PRLIM FULIST A
SUBROUTINE PRELIM( XAtXBEXPNWEXPWSMALLR SiFLAG) B
CONJXA=I.-XA C
CONJXB=1.-XB D
U=XA/CONJXA*EXPNW E
V=XB/CONJXR*EXPW F
RNUM=f(I.+U)*CONJXA)**2 G
SMALLR=RNUM/(RNUM+EXPNW) H
SNUM=I(1.+V)*CONJXB)**2 I
S=SNUM/(SNUM+EXPW) 1
IF(FLAGsLE*0*)GO TO 1 K

WRITE (6,G0O)UVRNUMSMALLRSNUMS L
100 FORMAT(21HOD U M P P R E L I M/SHOU = E15.795H V EIS.7,8H RNUM M

1= E15.79 9HSMALLR = E15*7TBH SNUM = E15.T75H S = E15*7/) N
I RETURN 0

5 FND P

U

I
I 57



SINFTC DGCXS FULIST A
SUMROUTINE DELGCX IDELE.RT XA.XB SMALLRtS.DLGCXSFLAG) 8
DLGCXSuIALOGfXA/tj.-XA))'SMALLR + ALOG(Xa/ti.-Xo)f*SJ)RT * SDELE C
IFIFLAG.GT.0.)WRITE(6.100)OLGCXS D
RETURN E

100 FORMATC21HOD U M P D L G C X S/13H0 DEL GCXS a E197./i FiEND G

$;BFTC DGMX FULIST A
"SUBROUTINE DELGMX tX.XA.XRRTDELE,0LGCXSD~t5EXS.FLAG) B
CONJXAaI .- XA c
CONJXBUI.-XR D
ZANXsALOGICONJXA)*CONJXA + ALOG(XAI*XA E
ZBBXFALOGTCONJXBLI CONJXB + ALSG(XB)TXB F
SDGREX$N((ZAMX÷ZBNX)RT+XBAAELE)/2.-X/I1--X)GDLGCXF G
IF(FLAG.GT.O*IWRITE (6*lOO)ZAMX#ZBMX5tGMEXO HiRETURN I

100 FORNAT(21HLO U M P D E L G M X/SHOZAMX - EI.o7G1OX71Z GX a E15C79 JS110X9HDGMEXS a E15.7/) K
END L

S i SIBFTC OGMS FULIST A
i • ~SUBROUTINE DGMES(X#RT*ALPHA*GME*DGMESG*GCtDELGFtFLAG)
! i F(X-.5)10.20.30 c

S10 DG*4FSG nALOG((I*-2**X)/(|.-X)I*RT + 2o*DELGF + GC D
GO TO 40 E

20 DGMESG - ALOGtII.-2o*ALPHA)/ALPHA)*RT - GME F
GO TO 40 G

30 DGMESG a ALOG(It.-X/(2.o*X-1*le|RT - GME H
40 IF(FLAG.GT.0.)WRITE(61001 DGNESG I

100 FORMATC19HOD U M P D 6 M E S/10HODGMESG = E15.8/1 I
RETURN K
END L

SIBFTC DGCS FULIST A
SUCROUTINE DGCSIG(XGCGMEALPHAtELGFRTDLGCSG.FLAG) B
IF(X-°SI1c2OqlO C

10 DLGCSG a ALOG(X,(1--29*X))*RT -GC D
GO TO4 0 E

20 DLGCSG - ALOG(f1.-2.*ALPHA)/ALPHAI*RT-GC F
GO TO 40 G

30 DLGCSG u ALOG((2..X-1.)/X)*RT + 2.*DELGF + GNE H
40 IFIFLAG.GT.0. WRITEI69100)DLGCSG 1

100 FORMAT(21HOD U M P D G C S I G/1OHODLGCSG E15.7/3 J
RETURN K
END L
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SAPPENDIX Il.

Computer program for calculating the excess free energies

"U of the Me C phases in terms of 2 + w gramatom of alloy. For

theoretical background of this problem, refer to AFML-TR-65-2,

SPart I, Volume 1 (1965) ......... (Bill Reuss).
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SEXECUTE IBJOB
$IBJOB 42051 MAP
SIBFTC 42051 FUL!STDECKtREF

C PROGRAM C (42051) ME2CY PHASE CALCULATION - EXCESS QUANTITIES
DIMENSION Y(2500)9 XCA(2500) • XCBI200), ZA(2500)s ZB(2500),

I ZCM00)o 4X54250nit GXS(2500)

1') READ f5*201 MODEL% YMIN, Y.4AX* DY, WMIN, WMAX, OW
- FORMAT (I1.8X*6E10.O)

WRITE (6930) MODELtYMINYMAX*DY*WMIN#WMAX*DW
30 FORMAT(1H1//////////i/////61Xi9MPROGRAM C//62X,7H(42051)///44X,

1 44HMEZCY PHASE CALCULATIONS - EXCESS QUANTITIES//!62Xs6HMODEL v
2 I1////3Xo6HYMIN a FP115 94X9 6HYMAX = F1195 .4X* 6H DY - F11.59
3 4X9 GHWMIN a F11594X9 6HWMAX F F11*5 94X9 6H DW F P11-5 I

W a WMIN

35 LINCT • Sn
37 DO 19 I11,2500

VI I ) n 0o 1"
XCAII) - O.
XCBI1) 0 .0
z AM a 0.
ZR(I) a O.
Z(I) a 0.
HX5(I) a nO

39 GXS(I a O.

40 1 a I
Y(M a YMIN

Emw m It/ FXP(W)

50 GO TO (100*Z0O)tMODEL

100 AA a 2.* (1.-EMW)
AAAA = 2. * AA

105 B m 1 - f(I) + EMW*(l.+Y(Il)
C = Y(}) * EMW "
OUAr I P* *2 + £AAAA#CL
IF (QUAD) 10791109110

107 ZA(I) =I.
Zp(T) = OUA'ý
GO~ TO !P^

110 OUAn m SOPTIOUAD)
XCB(1) v(-P+UUAD)/AA

IF (XCB(I)-1.)1209130,130
120 7 F (XCBII)H130,1309160

"\ 130 Z9(1) = XCB(IM
'\ XCR(1) * (-B-OUAD)/AA

IF (XC9(I(l 1509155*140
14n~ IF lXCRiIlIo)!61v150v)15n

XCQ(I1= 0.
lj ,ZA(T) = 1.

160 'CA (1) = Y(f) - XCE(C )
ZA(1) = XCA(1)* ALOC-(XCA(I)) + (1.-XCA(I))*ALOGI1.-XCA(I))
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ZBII)= XCf(I,*ALOG(XC(fI)) + (I.-XCB(I))* ALG(19-XCB(1))
"HXSI) z XCR(I) * W
GO TO 270

200 CON m -2. +4.* FMW

205 YEMW = Y(I) * EMW
A - CON + YUI - YFmw
13 = 2, - YEMW
QUAD - B"2 + 4.*A*YtI)
IF' (QUAD) 1079210,210

i 210 QUAD = SQRT(QUAD)

AA = 2.*A
XCA() (-B + OUAD)/AAU IF (XCA(I)-l*)220t230t230

220 IF (XCA(l)) 2O,230920260

230 Zm(I) XCA(I)
XCA(J; (-R-OUAr)/AA
IF (XCA(1)) 250,2r5,240

240 IF (XCA(I) - 1.) 260,250,250
250 Z(I) = XCA(I)
255 ZA(U) = 2a

GO TO 280

260 XCA1 z 1. + XCA(I)
XCB(I) Y(I3/2.*XCA1/XCA(I) - 1.

TOlPX = 2./XCA1
TXOlPX = TO1PX * XCACr)I ZA(1)= TOlPX * ( XCA(I)*ALOG(XCAII))+(l.-XCA(1))* ALOG(l.-XCA(IJ))ZR(I)=TXOlPX * ( XC8(1)*ALOG(XC3(i))+{I,-XCB(1))* ALOG(1.-XCB(l)))HXS(I) = TXOIPX * XCBI1) * W

270 ZjI) = ZA(1) + ZP(I
GXS(I) = HXS(I) + ZI)
IF (I - 2499)280, 300 9300

280 YU+l) = Y(I) + DY
IF (Y(I+1) - YMAX) 290,290,298

290 1 = 1+1
GO TO (159,2?0),MODEL

119P Yt1+l) = 0.S3f0f n(o 80 J = !,I
303 IF (LINCT - 42) 3t5,35c,35o

350 LINCT = 0
WRITE (6,360)PODEL vW

360 FORMAT (1H1t61X, 9HPROGRAm C //62X# 7H(42051) ///44X,44HME2CY PHAS1E CALCULATIONS - EXCESS QUANTITIES/// 62x 9 6HMODEL .11///

2 57X, 3HW = E15.8 ////)
305 IF (XCB(J)) 330,310,330
310 IF (ZA(J)- le) 320,3159320
315 WRITE (69316) Y(J) ,ZB(J)
316 FORMAT(Fl1.4,2lX93lHNEGATIVE VALUE UNDER RAD47CAL = E16.896X,

I 15HIP"GINRPY P-1TS )

320 IF (Z(J)-3.) 3125,327,325
327 WRITE (6.32P) Y(J) * ZP(J), Z(J)
32 E FORMAT( F11.4,13Xv 1lHXCB ROOTS 9 ,E16.8 9 3H , *E16.8 9 40H ) A

IRE NOT IN• THE RAMGE BETWEEN 0 AND 1 1
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GO TO 375
325 IF (ZAIJ) - 2.1 33093239330|323 WRITE 46,3241 Y(J) 9 ZO(JI 9;Z(J)

324 FORMAT (F71.4*13X, 11HXCA ROOTS 9 .E16,B * 3H 9 ,E16.6 9 40H ) A
IRE NOT IN THE RANGE EETWEEN 0 AND I )

GO TO 375
330 CALL INT40 (YHXS.Y(J) .TRP. DHXS )

CALL INT40(Y*Z ,Y(J),TRPDZ)
CALL INT4D(YvGXStY(J)9TRPDGXS)

370 WRITE (69371) YIJ) 9XCA(J) s XC8(J) 9ZA(JlZB(J),Z(J) .HXSCJ)o
1 GXS(J). DHXS 9 OZ 0 DGXS

371 FORMAT (1X94HY - E15ebSH XCA - E1S,8#SH XCB a E15.*80H ZA a
1 E1ES.B7H ZB * E15.896H Z a E15o8/SXt6HHXS a E1988H GXS
2 E1SS*121H DHXS/DY u EISB#1OH DZ/DY a E15.8*12H DGXS/DY
3 EeS.6)

375 LINCT u LINCT + 2
380 CONTINUF

ft W a W+IW
IF IW-WMAX) 35PS5910

END
SENTRY 42051
SDATA
1 &96 1.04 .02 *68315768 e70315768 -O0
2 ,96 1*04 002 968315768 ,703IS768 *01
2 90)5 1195 o05 es 9, 05
1 ,os 1095 005 05 9* ,5

-I
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APPENDIX IIM.

Computer program for evaluating the high -temperature
thermodynamic properties. For theoretical background, refer
to AFML-TR.-65-2, Part IV, Volume I (1965)..... (Len Nole).
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$18J08 GOoMAP

SIBFTC 8064 LISTRtPDECK
c EVALUATION OF HIGH TEMPERATURE THERMODYNAMIC PROPERTIES

SC VIA NUMERICAL INTEGRATION

DIMENSION DATA(00),HEAD(12),TABLTI1OO3)KDISI20)TABLY(100,1 TAbTfl)qTABYll)
•, EQUIVALENCE (TASTtDATAtl)),(TABYtDATA1201}))(SST*DAT4440111

C
C

2 DATA(I)w 0*
CALL SLITE1O)

CALL ASI38 (OATAHEADNE)
IF (NE - 2)69394

3STOP
4 WRITE (6.5)
5 FORMAT (27H (4(1 N P U T E R R 0 R1I)1

GO TO 1
6 N a DATA(4021

DO 10 I w1200
IF (TABT(I))47,*1O

7 IF ITABT(I.1))4911910
10 CONTINUE
11 NOFT a 1-1

WRITE (6,12) HEAO12 FORMAT (1HI*42X,27HAEROJEY GENERAL CORPORATION/ 36X*41HLIQUID ROCK

lET PLANTSACRAMENTO CALIFORNIA / 31X*SSHEVALUATION OF HIGH TEMPERA
2TURE THERMODYNAMIC PROPERTIES/LIH DEPT. 4600,SOX,8HJOB-8064/32X9
S12A6)

WRITE (6.13) SST, Ns (TABT(I),TASY(I)sTABT(I.50),TABY(I+50),

1TABT(I+100),TABY(I+lO0ITABTII+150)t'ABY(I+15O1, I a 1.50)
13 FORMAT (//,5OX920H I N P U T D A T A //7X93HSST93Xt7HSUS INT/9

lFlOo2,SXv12//s23Xt2HT tSX92HY 9101.t13H T(50)t10H Y(50)91O
2X91OH T(100),l0H Y(ic10)xl0Xq;o TI15O),10H Y(150)I//§
3(ISXFO.2,FlOe3tlOXFlO.2.FO0,3tlOX.FlO*2,PflO3,10XF10,2,F1O.3)I

WRITE (69130)
130 FORMAT (1HL.48X*21H 0 U T i' U T 0 A T A l/l10H T DEG K ,5X,

15H Y t5XSH CP ,4X,6HHT-HSTt4Xt6HST-SSTSX95HFOGFESXt10H INTER
2VALS)
KOIS(1)a I

K 2
TINTP a 0.
TABLTI1) z TABT(1)
TABLYIl) a TABY(1)
J Ja2

14 TABLT(I) a TABT(J)
TABLY(I) a TABY(J)
IF (TART(J+l))20,16s20

16 IF (TART(J+2))4922916n
160 J a J+2

I a 1+1
KDIS(K) a J
K a K + 1
TABLT(1) a TABT(J)
TABLY(I) w TABYIJ)

20 I a I + I
J=J+4
GO TO 14
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22 KDI-S(K) NOFT

LMN = I

24 K z K+I
NML KDIS(K)
LN K KOIS(K+l)
IF (LMN -1)231.231.25

231 DELHT a 0.
tDELST - 0.
CP a TABLY(1)' iU FOGFE a DATA1401)
GO TO 27

25 LMN a LMN+I
DELHT a TABLY(LMN)*ITABLT(LMN) - 298*15)
CALL INT4D (TABT(NML)tTABY(NML)PTABLT(LMNitYO.DY)llli CP a DY*(TABLT(LMN) -- 298*151 + TABLY(LMN)

TEMP = TABLY(LMN)*(1. - 298°15/TABLT(LMN)l
CALL SLITET(1.KL)
IF (KL-1)26,269251

251 CALL INTGR (TA8LTfLMN-1)*TABLT(LMN19TX*NI
CALL INT4 (TABT(NML)9TABY(NML)9TX*YOFT)
GOFTX - YOFT * (TX - 298.15)/TX/TX
CALL TNTGS (GOFTXtTINTO00019M)
TINT - TINT + T!NTP
TINTP TINT

26 DFLST = TEMP + TINT
FOGFE -DELHT/TABLT(LMN)+ DELST + SST

27 WRITE (6930) TABLT(LMN)v TABLY(LMN)l CP9 DELHT, DELST9 FOGFEP M
30 FORMAT (FlO.29F10.3,4F10w2,12X*13)
31 IF (TABLT(LMN))491,32
32 IF (TABLT(LMN) - TABT(LN))5Z534*34
34 IF (TABT(LN) - TABT(NOFT))35,1,1
35 CALL SLITE(I)

GO TO 24

I $ENTRYEND 8064

Sr)AT A
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APPENDIX IV.
iL

Computer program for calculating the free energies of

the monocarbide phases using the Wagner-Scho%.tky vacancy

model. For theoretical background, refer to AFM.-TR-65-Z. L

Part IV. Volume I (1965)........... *...... (Jerry Howard)
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•I SEXECUTE IPJOS
SIBJOB 8072 MAP
SIRFTC 8n77 LIqTonFCK
C
C MONOCARBIDES 3Y USING THE VACANCY MODEL#
C8072- PROGRAM He THERMODYNAMIC CALCULATIONS FOR GROUP IV METAL

DIMFNSION DATAl200)tHEAD(l1?)TEMP1(2Ol)GAO(20),'-BO20)l
I ALGPAO(20)OALGPBO(Z0).GA(20).GB(2n),RTLN(20),
2 ALFA(20)*TDGF(20)

DIMENSION A(201,B(20)vBET(20)9GAM(201
EQUIVALENCE lDATA(i),TA).iDATA(2).TAB)P(DATA(31,TEL3,(DATA(4).

1 RETA),(DATA(5).GAMMAR,(DATA(6).IETAP)3(DATA(7).GAMMA')I
2 (DATA(8)oETAPP),(D!TA(9).GAMMPP).(DATA(11
'3 I ,XMTN) *(DAT$ (12) ,XMAX) iD 'ATA (13) ,OFLX). S(nlTA(15)1 TFMPI),('ATA(5S)tGAO), S(DATA(75)*G• O),(DATA(E,ý),ALGPAOI.(DATA(115 ),ALGPBO),

6 (DATA(155fT1COi..L),(DATA(3,|•AAI.U•ATA(C36)BB),I0ATA(37)
7 ,AAP),CDATA(38)9S~PJ ,(DATAU49),AAPP),(DATA(4C.).58PP)

1 CALL A5138(0ATAqhEAL,9NE)
WRITE(6988)I88 FORiMAT(1H1)
GO TC (594t21,NE
2 mRITZ-'(693)t

3 FOR'4AT(7nX,?4- I N . U T E R 0 P
GO TO 1

4 CALL EXIT
5 PTq=.*nO

ALN2=.6"'1 'j

R=1.98726
1=1[ ICNTI=TICONT+ .O1

6 T = TEMPI(I)
IF(T.LTTAI) 30 TO 1
IF(T.LT.TIL) GO TC 8
BET(I)=8FTAPP

* All) = A:PP

GO TO 9
7 BETII)=RETA.

GGA.-( I) GA$MYFA
All) z AA
b(I) = BB

L GO T109

iiI
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jd fT4T1)*RETA.P

I i ! A(I) a AAP

"Ott) a BRP
9 RTeR4T

TPGFP(t )ETI I )4GAMI )*T

RTLN(I)0-GB(1)-RT*ALN2
ALFAI I )m**EAP(-GRF( I )iRf
GA(CI)-RTLNCI)-RT*ALN2-TDGF(I)

C
101+1
IFt(oLE.?CNT1) GO TO 6

C

C
21 TaTEMPlIJ)

CGA a GA(J). ! CGR * 68(J)

CRLNA a RTLN(Jl
CALF a ALFAIJ)
RT a R*T
WRITE(6922) HEAD

22 FORMAT(1H1.42X927HAEROJET GENERAL CORPORATION/36X.41HLIQUIC ROCKET
I PLANT*SACRAMENTO CALIFORNIA//38Xt,2A6//19H I N P U T D A T Al/)
WRITE(69100) RET(J)#GAM(Jls A(J|9 B(J)

100 FORMATCgX,16HLINEAR EQUATIONS/12X,18H2 DELTA GF A a 9E12.59
16H, B * ,EI2o!/i2X.l/• 8GS A a *E12.*56Ht B .E12951
WRITE(6,101)GAO(J),GBO(J),ALGPAO(J).ALGPBO(JI

101 FORMAT(9X96HGAO u * F7.0SH9 GBO a *F7&.012H9 LOG PAO - 9F7&39
112H, LOG PRO a .F7.3)

28 WRITE(6029) T
29 FORMAT(9X*I5HTEMPERATURE IS tF6.*115H DEGREES KELVIN9/)

WRITE(69102) CGAsCGBCRLNACALF
102-FORMAT421H 0 U T P U T 0 A T AI/9X.SHGA+n ,E12.5,6H,9G5B oE12-5s

113HRT LN ALFAw *E12.5T7H#ALFAc 9E12.9//BX*1HX.11Xt4HDGABv1OX.
24HDGBB,11X.2HDG,12X,3HGAB1llX*3HGBB.12X 1HG1lOX.6HLOG PA*BX,
36HLOG PBI

f C184.576*T

C2aCI*ALGPAO(J)
C34Cl*ALGPAO(J)
XUXMIN

C
30 ARG a ARS(X/.5-10)

IF(ARG.LE.1.E-4) G,3 TO 32
iI'(X.LT.O5) GO TO 34
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S~TFCXoGTOo5) GO TO 35

32 X : .0O0

OGA •-CGA-RT*ALNP-CRLNA

GO TO 36
14 DGA a TDGF(J)+CGS+!T*AL3f(1.*-P.#X3/(l.-XI)

0GB - -CGR+RT*ALOG(XI(1,-2,*X))
GO TO 36

35 DGA a -CGA+RT*ALOG((1a-X)/(2o*X-le)
DGB a TDGF(J)+CGA÷RT*ALOG((2.4X-l.I/X)

36 VR1 - 1 -X
DG-VRI&*DGA+DGB*X
GAB=DGAeGAO JI
GBRRDGR+GeO(J)
G-VRlOGAo+X'GBR

ALGPAu(DGA+C2)/Cl
ALGPR=(IGP+C3)/Ci
WRITE(6933) XDGADGRDG.GAR*G.CRGALGPAALGPR

33 FORMAT(fI2XFIP7S))
XuX÷OELX
IF(X*LEoXMAX) GO TO 30
JSJ+l

IF(J*LE.ICNT1) GO TO 21
GO TO 1
END

69
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, )• ABS•L he general conditional equations which govern the phase equilibria in

three-component systems are presented. Using the general conditional equa-

tions, a general method has been developed to precalculate the phase equilibria

in three-component systems from first principle using computer technique. The

method developed has been applied to several model examples and the system

Ta-Hf-C. The phase equilibria in three-componknt systems calculated using the

simplified method as originally developed by Rudy, agree well with those calcu-

lated by the present method. The only difference is in the homogeneous range

with respect to the interstitial component of solid solutions which exhibit large

variation with metal exchange. This is to be expected in view of the assumptions

made in the simplified method.

In connection with the A diagram calculation and other problems of

thi present Air Force contract, several computer programs have beer. developed

which are included in the append• of this re--ort.

• ' //

DD 0R1473 Unclassified
p /Security Classification



Secmuity Cleassiicticeon _________

isiiKA LINWKa LINK c
MAYt won"~51 Y e@s w

Its Thermnodynm ic&
Ternary Phase Diagram

I'I

IIUTUUCTKONS
L 3R1(IWATIIW(. 4.CIWITI: Enter doe amt.e ond addree a tmp=sd by security classification. naive stanard statements
of the cuotiracl*.v aiticoutraetor, pases, Departaient of De- asu :
foe"s acuvizi, of otber orgeaniation (coroprate autho) fasn (1) "QcLf11101 bed equetS,. WAY Ot~iN Copies Of thism1
the tt 1iwlt. report from ODC."
2a. REPORtT SRCU~ka- ' .1.AMFICATIOM Eater the over- (2) -VVB amoUicmemA and dissemoaetin of tMe
all security classification of the report. lndicatio whether redor by DDC is no authorized."
"kestrixted Date" o- irn.udird. Henrling is to be in accord-
anc,, with apliproietv aecteity regulations. (3) "U. S. Government agencies may obitai copies of
2b. GIftOUP- Aucotinatic donrdn sseife l il i this rnport directly hamt DOC. Other qualifted DOC
rective 5200.10 an4l Armed Forcos Industrial gamiii Entersemhaleitutrog
the stoup number. Also. when applicable. show that optional

Lad report directly from DDr- Other qua!lifid users
.J. nn haicR bITEe: sEdm~ lth comiple3 sad Gc 4te i allo- I 4 U sallrqus oitarouigehismyott ~e fti
capital letterm. Title.- it. all :asee should be unclosudied.

UI a meneingful tille cannotn b-- selected without classifics.
tion. show t~tlru n0ssiz.aiGUt r all capital* ini paerethesis (S) "All distributior. of this report is controlled. Qt~sl-

4. DESCRIPI It' Fr 1 'i -.rpropriate. eter the type Of__________________
report. e.ga.. itit wi. I . summary.5UY anul offnl If the report has been furnishied to the Office of Technical
Give the inclu.sive dat5 w- W.nr aspectific reporting period is Services, Departines of Commerce, trw sale to thes public. tndl-
covered. Cate this fact and *ente the price. if knows,
S. AUTHlDt4S): Fotne thr name(s) of mautot(s) as shows on IL. SUPPLIE3MNTARY NOTM Use for adclitimnal o~essl.
or in the report Foe lIoct time. first sami. muldo initial, tory notes.
If minlitairy. show roods oind bramch of serice. The name of
the principal .- 'thor .A an bsualut e minieum, rhlQuiroment. 12. SPONSDRINGUMILTARY ACTIVITY: Emierthe name 01

6. RPORTATL ntrttludsloftbrspottioay. the departmental project office atr alimentary sponsoing (pay.
fot. ReaOrT orL motate, "m theate of te r aeor appears ing for) the reseerch mid deoveloipmeL Include address.
us fthe report. us* daite of publi, etl.ri. 13 AlISThACT: Enter an abstract giving 3 brief and factuai

sunihtary of the docurset indicative of the report, *van though
Ue. TOTAL MUMBEk OF PACME& The total page couiii it may Malo appear elsewhere in the body of the technical ts-should (ollow normial pimgintion" procedwes. Ls. en.cter the port- If additional space is reqluired, a cooitinuation sheet shallnumber of pages cointainuil innorsiation, he attached.
76. NUIMER OF REFERENCESi Enter the total numtber of It is highily.desiroble that the a--Ltract of classified reports
references cited in the reptiun. be unclassified. Each paragraph of the abstract "hall end with
In. C)NTRACT OR GRANT N inER- If appropriate. enter siti indication of the militaty security classification of the in-
the applicable - A of the contract or Craft under which fomto in the paragrapht. represented as (7s). eiS. Ic'). a, (u) .
the repet wa wrtltoi. I hr so no lImitation on the length of the abstract. Hovo-
S6b. 8c. IsI& PROJECT hUMfl;3 Entee the apfrpit "vr. the suggested length ina from ISO to 22S woods.
military department idenuftemstc a. stich as proeact ~t , oxs e od r ciiai emgu em

suhnoectmibe. sstm tne i. t~kR~*~ Iof short phrases that characterize arepoit admay busdas
9a. ORIGINATIOR'S REPORT NUMBER(S): Enter the oth I inde% -ntnes for cataloging ithe report K~y woods Must be
cii report number by i.Iu' h the dorumadt will he idetfe . ljced so ciat no security elassilsfýation Ist reruired Identi-
and controlled by the originatinlg activity. This I~ntrma tms. u-h as equipment model designation. trade name. militanry
be unique to this report. provrt code name. Kuenfrophic location. may he used as hat,

9b. OTHER REPORT f4UMBERS): If the report heIas wo, srd% buit will be followed by an tindication of technical con-
assigned any other report numbers (etcher by rthe orjsrr te-t. 'Me assignment -'f links, rules. and weights is optionalL
or by the sponsor). also enter this numbet(a).
10. AVAIL ABIIT YLIITATION NOITICM ataer sany Onto
itations on atuieio dissemination of the report, other than these

Un~classified
Secutity Classificationt


